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Abstract—The free convection boundary layer flow adjacent to a vertical isothermal hot plate with high
surface-to-ambient temperature difference has been investigated experimentally and theoretically. Experim-
ental measurements of the temperature and velocity fields for plate temperatures up to 698 K have been made
using the techniques of fine wire thermocouple thermometry and real fringe laser Doppler anemometry,
respectively. The experimental results deviate progressively from Ostrach’s solution as the plate temperature
is increased. A numerical solution of the boundary layer equations which includes the temperature
dependence of the fluid properties, including density, has been obtained using a finite difference scheme. Very
good agreement between the numerical solution and the experimental measurements was obtained.
Calculations using the Chapman—Rubesin approximation have shown that this method gives an adequate
representation of the flow for many purposes.
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velocity component in x-direction ;
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velocity component in y-direction ;

w' = (f,5,t,0, $), vector of variables;
coordinate along plate, measured upwards
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similarity variable for Ostrach’s solution;
= (T — T_)/AT, dimensionless
temperature;

dynamic viscosity ;

kinematic viscosity ;

= x, independent variable;

density ;

= df/dn, function in 1st-order
formulation ;

compressible stream function.

ambient conditions;

fixed reference conditions;

conditions at wall;

mesh point in finite difference formulation ;
maximum value of i.
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1. INTRODUCTION

Tris PAPER describes a theoretical model and experim-
ental results characterising the natural convection of
air, at 1 atm pressure, induced by very hot vertical
surfaces. It represents the first stage in a programme
aimed at quantifying conditions critical to autoignition
of hydrocarbon/air mixtures by hot surfaces for con-
figurations of practical importance.

Several factors influence the critical surface tem-
perature required for the autoignition of fuel/air
mixtures. One of the most important of these, but the
least well understood, is the convective transport in the
region of the hot surface. In almost all cases of practical
interest, the existence of natural convection induced by
the hot surface means that the surface temperatures
required before autoignition poses a hazard are much
higher than those needed to ignite a similar fuel/air
mixture in a quiescent system. In order to be able to
make realistic appraisals of the hazard we have
embarked upon a detailed investigation of the in-
fluence of natural convection on the hot-surface auto-
ignition phenomenon.

We have selected for initial study the laminar free
convective boundary layer adjacent to a vertical iso-
thermal flat plate. This system has the advantage that
the flow is fairly simple and has been the subject of
many theoretical and experimental investigations. We
bear in mind throughout our experimental and
theoretical approach, however, that our next stage will
be to consider the case of a reacting flow.

The first exact solution of the laminar boundary
layer equations for the flat plate problem was obtained
by [1]. Comparison of his computed temperature and
velocity profiles with the experimental results of [2]
showed fairly good agreement. Ostrach’s [ 1] solution,
however, relies on simplifying the boundary layer
equations by the Boussinesq approximation, where the
fluid is incompressible except in the buoyancy force,
and by assuming constant thermal properties. The
validity of these approximations is limited to small
plate-to-ambient temperature differences. For large
teraperature differences {e.g. AT > 200K), conditions
typical of autoignition systems, it is necessary to
consider the temperature dependence of the fluid
properties, including density. Sparrow and Gregg [3]
were the first 1o investigate the variable fluid property
problem in detail. They used a Howarth-Dorodnitsyn
transformation on the coordinate normal to the plate
to describe the density variations in this direction and
tried several different functions to represent the tem-
perature dependence of the thermal conductivity and
viscosity. From their calculations they derived a set of
correlations for some of the flow properties of
engineering interest, for example the heat transfer at
the wall. These correlations were obtained from the
Ostrach solution by evaluating the fluid propertiesata
reference temperature. Clarke [4] retained the
Howarth-Dorodnitsyn transformation used by [3]
but used the Chapman-Rubesin approximation {i.e.
choosing a constant representative value of the pro-
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duct viscosity x density). There is little published data
with which to test the validity of the results obtained by
these different approaches under conditions where the
fluid property variations make a significant difference
to the flow.

Our investigation of the autoignition phenomenon
has required a detailed study of the variable property
problem to define the boundary layer flow under
typical autoignition conditions in the absence of
chemical reaction. Accordingly, our preliminary -
vestigation, reported here, has been to characterise the
temperature and velocity fields of the non-reacting free
convection boundary layer flow adjacent to very hot
surfaces. We have solved the boundary layer equations
without making the Boussinesq or constant property
approximations and have made experimental
measurements for comparison with the model.

2. THEORETICAL MODELLING

2.1. Equations of motion and analysis

We consider the steady, laminar, 2-dim. boundary
layer flow of a fluid adjacent to a heated vertical plate.
The fluid is compressible, with variable thermal pro-
perties, and the buoyancy term in the momentum
equation is in the form applicable to an ideal gas. For
air, the pressure work and viscous dissipation are
negligible in laboratory-scale flows.

The Ist-order boundary layer approximation is
applied to the equations of motion, and a compressible
stream function formulation is introduced. Following
[3] the equations are transformed into “similarity”
form, using a Howarth~Dorodnitsyn type of variable
compared with the constant property similarity vari-
able #,. The resulting momentum and energy equa-

tions are
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We note that the isothermal boundary conditions in
equation (3c) allow a similarity solution to equations
(1) and (2), in which f and 8 are functions of n alone;
the equations become ordinary differential equations,
with the &-dependent terms zero. This similarity
solution is the extension of Ostrach’s constant pro-
perty solution to compressible, variable property flow.

For autoignition flows with chemical reaction, the
presence of a heat release term in the energy equation
(2) will lead to explicit £-dependence of the variables 8
and f. Similarity solutions are therefore only possible
in the absence of chemical reactions.

2.2. Numerical solution

For non-reacting flow, the similarity solution is
determined by the stationary 2-point boundary value
problem obtained by setting the right-hand sides of
equations (1) and (2) to zero. These equations are then
3rd-order in f and 2nd-order in 8; however it is not
only the primary variables f and @ that are of physical
interest. The streamwise velocity, u, is related to df /dy,
the shear stress to d*f/dy?, and the heat transfer to
d6/dn. It is advantageous to solve the equations as a set
of five 1st-order equations, so that the derivative
quantities are solved for directly, and to the same order
of accuracy as the primary variables. This procedure
also has the advantage of simplicity in formulation and
implementation.

The temperature dependence of the fluid properties
in equations (1) and (2) are incorporated in the
following functions:

pu aM
M) = ; ) =— 4
(0 i ( a0 )
1 E& pk
L(0)=Prr<cp>prkr ’
1 /C,\d [ pk
= (=)= (). 5
1o Pr,(c,,>d0 (ﬂk> )

For numerical calculations, data for the properties
p, 4, k and C, have been taken from [5], and
interpolated as functions of temperature using cubic
splines. The Chapman—Rubesin approximation may
be obtained by setting M and L to constants with L=
M/Prand M = Y = 0. The resulting equations can be
related to the Ostrach equations (M = 1) by the
transformations ¥ = M™'2y F = M~'2f; the
definition of #” however is different from the Ostrach
similarity variable 77, both because of the factor M ~ 12
and because of the Howarth—Dorodnitsyn definition
of n.

Introducing functions s(n), t(n) and 6(n), the 1st-
order formulation of the full variable property equa-
tions becomes
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with separated boundary conditions

n=0: f0)=0 )
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Equations (6) may be written together in vector form
as

dw _

dn B
where wT = (f,s,t, 0, ¢). The boundary conditions are
of the form

F(w) @®)

g.[w(0)] =0 } ©)

gr[w(oc)] =0

The system of equations (6) was solved by a finite
difference method, applied on a selected mesh
O=rno<ny...<ny (10)

The boundary conditions gg[w(>c)] = 0aty = =
were applied at a finite value of 5, ; the solution was
found to be insensitive to values n, = 10. The mesh
points were selected so that the variation in the

solution was approximately evenly distributed be-
tween them; in practice this meant that

| w; — w;_ || <constant

for each mesh interval. The introduction of this non-
uniform mesh allowed the use of fewer mesh points for
a given accuracy of solution [6].

The finite difference method was of the type dis-
cussed by Keller [ 7]. The trapezoidal rule, applied to
the interval (»,_,, #;), gives

w_i%umwa + Fowi)] = 0.

(1

Using this formulation for each interval, and apply-
ing the boundary conditions at #, and #,, gives a set of
non-linear difference equations that are solved by a
Newton method.

This numerical scheme, applied to the 1-dim. simi-
larity equations, has easy conceptual extension to the
2-dim., parabolic equations of reacting flow. The

Wy — Wiy —
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application of box schemes to parabolic equations was
suggested, for example, by [8].

3. EXPERIMENTAL

3.1. Location of transition to turbulent flow

Values given in the literature {9] for the critical
Grashof number for transition span the range of 10° to
8 x 10° and were all obtained at relatively small plate-
to-ambient temperature differences. This previous in-
formation on transition from laminar to turbulent flow
did not permit a reliable estimate of the transition
point at the plate temperatures and surface-to-ambient
temperature differences of interest in this study. The
information was necessary, however, to determine the
suitable experimental plate dimension.

A preliminary investigation of the boundary layer
flow adjacent to a large, heated, polished, flat brass
plate, 0.5 m high x 0.25m wide x 0.00127 m thick was
undertaken to determine the onset of transition at high
plate-to-ambient temperature differences. An uncalib-
rated DISA hot wire probe was traversed along the
length of the plate at a distance of ~ 1.5 mm from the
surface. The output from this probe displayed the
changes in local heat transfer at the wire surface.
Hence, the onset of rapid fluctuations in temperature
and velocity, which are characteristic of turbulence,
could be detected. This was repeated for a series of
plate temperatures.

3.2. Temperature profile measurement

Temperature profiles were measured in the boun-
dary layer flow adjacent to a small polished brass plate
0.114m square. The plate was flush-mounted in a
Sindanyo support and positioned in a stainless steel
box which was open at the top and at the end facing the
plate. A cooled leading edge section was fitted below
the plate to prevent any starting length effect. A fine
wire chromel—alumel thermocouple was used for the
temperature measurement. The thermocouple junc-
tion (0.13mm dia.) was supported horizontally and
parallel to the plate by two thicker vertical support
wires. This configuration minimised both conduction
from the junction and interference of the upstream
flow. Traverses of the boundary layer at one distance
from the leading edge, x = 0.1 m, were carried outfora
series of plate temperatures. Some instability was
detected in the recorded temperature. This was caused
by small disturbances within the room which could not
be totally excluded. The probe signal was recorded for
2-3 min at each point and the average temperature
recorded.

3.3. Velocity profile measurement

To overcome the problems of measuring low velo-
cities in the difficult environment of the high thermal
gradient that exists in the free convection boundary
layer, we have applied the technique of real fringe laser
Doppler anemometry to the measurement of the free
convection velocity profiles. The laser anemometer
system has been described in detail elsewhere [10]. The
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F1G. 1. Temperature profiles adjacent to a vertical isothermal
hot plate — comparison of experimental and theoretical
results (x = 0.1 m).

plate was that used for the temperature profile
measurements. The stainless steel box was fitted with
windows along the edge of the plate to permit optical
access for the input beams. Collection of the scattered
light was at right angles to the input beam, i.e. in the y
direction. The crossover was aligned with a target on
the vertical centre line of the plate at a known distance
from the plate. The boundary layer was traversed from
this reference point by traversing the whole anem-
ometer assembly including the collection optics. Trav-
erses of the boundary layer were carried out for several
plate temperatures at distances of 0.05 and 0.1 m from
the leading edge.

4. RESULTS AND DISCUSSION

The preliminary measurements using the large plate
indicated that for surface temperatures 473 and 623K
turbulence was first observed at Grashof numbers of
4% 10 and 3 x 10® respectively, where the fluid pro-
perties are evaluated at the bulk temperature. Ob-
viously, these critical values will be altered con-
siderably if we choose to evaluate the fluid properties
at the film temperature or some suitable reference
temperature. These values lie within the range quoted
in {9] for transition at lower temperature differences.
From a practical point of view, this experiment
demonstrated that a maximum value of x for which
laminar flow was stable under typical autoignition
conditions was 0.2 m.

The temperature profile measurements for a range
of plate temperatures are presented in Fig. 1, together
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F1G. 2. Temperature profiles adjacent to a vertical isothermal

hot plate—comparison of the variable fluid property model

and the experimental results with Ostrach’s solution
(x = 0.1 m).

with the corresponding predictions from the model.
The experimental and theoretical results show very
good agreement for all the plate temperatures in-
vestigated. The experiments do, however, show a
slightly greater inflection near the surface than is
predicted by the model. The results for the highest and
lowest temperatures investigated are presented (Fig. 2)
using the non-dimensional variables 8 and 7, and the
bulk temperature as the reference condition. Ostrach’s
solution is shown for comparison using the same
variables. This demonstrates very clearly that the
constant property theory does not give an adequate
representation of the temperature field at high plate-
to-ambient temperature differences. For a small tem-
perature difference (29 K) the constant property theory
is a reasonable approximation, but the variable pro-
perty solution is noticeably better.

Figure 3 compares the experimental data for the
highest plate temperature with predictions using the
Chapman-Rubesin approximation and three different
values of M. The values of M correspond to the
ambient temperature, the film temperature and the
wall temperature. All three profiles are seen to be a
significant improvement over the Ostrach solution
(Fig. 2) indicating the importance of including the
density variation in the definition of the similarity
variable. The profile obtained using M = 0.9 (the film
temperature value) gives a very close fit to the experim-
ental results.
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Table 1 presents the values obtained for wall heat
transfer and shear stress, for these three values of M
and for the full variable property model. By com-
parison with the full variable property model, the best
values for these wall properties are obtained using the
wall temperature value M = 0.8 in the Chapman-
Rubesin approximation. It is thus seen that different
values of M should be chosen when the Chapman-
Rubesin approximation is used, depending upon
whether heat transfer values or the overall fit of the
temperature profile are more important.

The measured velocity profiles are presented in Fig. 4
in non-dimensional form. As the temperature differ-
ence between the plate and ambient increases the
measured velocities deviate progressively from
Ostrach’s solution. This broadening of the boundary
layer is described very well by the full variable property
model as is the peak velocity. At the edge of the
boundary layer particularly for the measurements
made at x = 0.1 m the model does not agree very well
with the experimental results. It is interesting to note
that similar deviations from the theory have been
observed in other experimental investigations [2, 11].
A recent experimental study [12] in which laser
velocimetry was used for measurement of the velocity
profiles adjacent to a vertical hot plate at 359K gave
results that agreed well with those of [2] but no data
was presented for values of # > 2.6. At low Grashof
numbers, the inadequacy of the first order boundary
layer approximation could lead to this type of discrep-
ancy between the model and experiment. However, the
correction derived by [4] for 2nd-order effects does not
account for the difference between experiment and
theory for no > 4 (Fig. 5). The results are compared for
the lowest plate temperature studied and the calcu-
lations were performed using the Chapman—-Rubesin
approximation with M = 1.

The discrepancy appears to be significantly greater
for the measurements made at x = 0.1 m than at x
= 0.05m, indicating that it may be due to the prox-
imity of the measurement point to the trailing edge.
The experimental measurements were made just
within the “trailing edge region” defined by [13] in their
paper on the discussion of trailing edge effects. A
rigorous attempt to treat the wake effects is probably
not justified at this stage but it is shown in Fig. 5 that
the simple corrections derived by [14] for wake effects
make the agreement worse in the region near the edge
of the boundary layer. We are thus forced to leave the
question of the “tail” on the velocity profiles un-
explained and we cannot rule out its existence being
due to an undefined deficiency in the experimental
system. Although our velocity measurements show
clearly the improvement of the variable property
theories over Ostrach’s constant property theory they
do not permit us to decide whether the higher order
theories can give a significantly better representation
of the flow under our conditions.

From the point of view of our declared objective, the
study of chemically reacting flows, it is the hot zone
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Table 1. Comparison of wall flow properties (hon-dimensional heat transfer and shear stress) predicted by the variable property
model and by the Chapman-Rubesin model

Variable
property Chapman-Rubesin Chapman-Rubesin Chapman-Rubesin T, T,
Flow property model M= M(T)) M = M(Ty) M =M(T,) (K) (K)
Nug
ﬁ 0.565 0.502 0.529 0.561 674 294
rx R
)
(heat transfer)
(du
Bl
dy /, Pr Vu
- (Gr, ) 3% 2. = 0.783 0.678 0.715 0.758 674 294

{skin friction)
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near the plate that is the region of interest. In this
region, the variable property Ist-order theory gives an
adequate representation of both the temperature and
the velocity profiles; the Chapman—Rubesin approxi-
mation can also give a reasonable characterisation of
the flow. Because of the simplification afforded by this
approximation, particularly when extending calcu-
lations to include chemically reacting flows of mixtures
of fluids, it will form the basis of our future work. The
extension of the experimental technique and the
numerical methods to the study of non-similar chemi-
cally reacting free convection boundary layers will be
the subject of a future paper [15].

5. CONCLUSIONS

1. Experimental measurements of the velocity and
temperature profiles in the free convection flow in air

NORMALISED VELOCITY, s =u
o
S

005
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adjacent to very hot surfaces have been obtained using
the techniques of laser Doppler anemometry and fine
wire thermocouple thermometry.

2. Comparison of the experimental results with
Ostrach’s solution demonstrates quantitatively the
limitations of the constant property approximation for
free convection flows induced by large temperature
differences.

3. A finite difference scheme, applied to the 1st-order
formulation of the similarity equations, has been found
to give accurate solutions for the boundary layer flow
adjacent to a hot vertical plate. The inclusion of
variable fluid properties was straightforward and
comparison of the solutions with experimental results
showed very good agreement.

4. Calculations of velocity and temperature profiles
have been made using the Chapman—Rubesin appro-
ximation and a range of values of the representative
constant. It has been shown that good agreement can

(el 2.0
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Fis. 5. Velocity profiles adjacent to a vertical hot plate:
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Chapman-—Rubesin approximation (M = 1),— — — same theory corrected for 2nd-order effects, —- —- —
same theory corrected for 2nd-order and wake effects, [] experimental data (T, = 466K, T, = 297K,
x =0.1m).
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be obtained with this approach, although no single
value of the constant will give good results for all the
different characteristics of the flow.

5. The experimental and numerical techniques em-
ployed can later be used to investigate the progressive
interaction between an exothermic chemical reaction
and the convection temperature and velocity fields.
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CONVECTION NATURELLE ADJACENTE A UNE PLAQUE CHAUDE ISOTHERME ET
VERTICALE AVEC UNE GRANDE DIFFERENCE DE TEMPERATURE PAR RAPPORT A
L’AMBIANCE

Résumé—On étudie expérimentalement et théoriquement la convection naturelle de couche limite adjacente
a une plaque chaude isotherme et verticale, avec une grande différence de température par rapport a
P'ambiance. Des mesures expérimentales des champs de température et de vitesse, pour des températures de
plaque allant jusqu'd 698K, ont été faites en utilisant les techniques de la thermométrie par des
thermocouples fins et de I'anémométrie laser Doppler. Les résultats expérimentaux s’écartent progressive-
ment de la solution d’Ostrach quand la température de la plaque augmente. On obtient une solution
numérique des €équations de la couche limite qui inclut la dépendance vis-a-vis de la température des
propriétés du fluide, dont la densité, en utilisant un schéma aux différences finies. On constate un trés bon
accord entre la solution numérique et les mesures expérimentales. Des calculs utilisant I’'approximation de
Chapman-Rubesin montrent que cette méthode donne une représentation adéquate de I'écoulement.

NATURLICHE KONVEKTION AN EINER SENKRECHTEN ISOTHERMEN HEISSEN
PLATTE MIT GROSSER TEMPERATURDIFFERENZ ZWISCHEN PLATTENOBERFLACHE
UND UMGEBUNG

Zusammenfassung—Die freie Konvektionsstromung an einer senkrechten isothermen heillen Platte mit
grofler Temperaturdifferenz zwischen Plattenoberfliche und Umgebung wurde experimentell und theore-
tisch untersucht. Messungen der Temperatur- und Geschwindigkeitsfelder fiir Plattenoberflichentempera-
turen bis zu 698 K wurden mit Dunndraht-Thermoelementen bzw. Laser-Doppler-Anemometer durchge-
filhrt. Die experimentellen Ergebnisse weichen mit steigender Plattentemperatur zunehmend von der
Ostrach’schen Losung ab. Eine numerische Lsung der Grenzschichtgleichungen, welche die Temperaturab-
hingigkeit der Fluideigenschaften einschlieBlich der Dichte enthilt, wurde durch Anwerdung des finiten
Differenzenverfahrens erhalten. Die numerische Lésung zeigte sehr gute Ubereinstimmung mit den
experimentellen Werten. Berechnungen mit der Chapman—Rubesin-Approximation haben gezeigt, da3 diese
Methode fiir viele Fille eine angemessene Darstellung der Strémung ergibt.
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ECTECTBEHHASA KOHBEKLIMA V I}EPTMKAHBHOFI M30TEPMUYECKON
HATPETON NMJACTHUHBI 1MPU BOALUION PAZHULIE TEMITEPATYP TTOBEPXHOCTHU
U OKPYXAIOIEW CPE/BI

AHHOTALMA -— DKCIEPHMEHTAILHO H TEOPETHYECKH HCCIIEAYETCH CBODONHOKOHBEKTHBHOE TEYEHHE OKOJIO
BEPTUKAJILHON M30TEPMHYECKON HArpeTo IJIACTHHBI 1pH OONBLIOH pa3sHHUE TEMIEPATyp HOBEPX-
HOCTH M OKpYXaroleh cpeibl. IKCIEPHMEHTAbHbIE W3IMEPEHUS MONIEH TeMIlepaTyphl U CKOPOCTH NPH
TeMImepaTypax maacTHel o 698 K npou3BOAMIMCE COOTBETCTBEHHO TepMonapodl M Ja3epHbIM
ZOTIIEPOBCKMM aHeMOMETpoM. [lo Mepe yBenHYEHHs TeMNepaTypbl MJIACTHHBI IKCIEPHMEHTAJIbHbIE
NaHHbIE HAYMHAIOT CHJBHO OTJIHMATLCS OT PE3yNbTATOB, TEOPETHYECKHM nosyqeHHblx Ocrpadem,
KoHe4HO-pa3HOCTHBIM METO/J0M MfOJYYEHO HYUCIIEHHOE DPELIEHME YDaBHEHHH MOrPaHMYHOIO Cjos ¢
y4eTOM TeMNepaTypHOH 3aBUCMMOCTH CBOHCTB XMIKOCTH, BK/IOYas MJIOTHOCTH. [lostydeHo xopoluee
COBIIA/ICHHE Pe3yJ/IbTATOB YHC/IEHHOIO PELIEHHA C IKCIEPUMEHTAIbHLIMM JaHHLIMU. PacueTsl Ha OocHO-
BaHUM annpokcumauun Yenmana PyGe3nna nokasann, 4To METO/ NPHIOAEH Ul ONHCARMS PA3THUHBIX
TEYEHHIA.



